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0 Introduction and Motivation
Einstein spent the last years of his life trying to build a geometric field theory in two
main series of trails, to unify gravity and electromagnetism, known in the literature
as “Unified Field Theories”. In the first of these attempts, “Einstein’s absolute
parallelism theory”, he used the Absolute Parallelism geometry (AP-geometry). In
his second attempt, “Einstein’s non-symmetric theory”, he used another type of
non-symmetric geometry [1]. Unfortunately, all these attempts were unsuccessful or
incomplete. This quest of unification preoccupied Einstein in vain during the last
decades of his life as he tried to modify his basic equations of general relativity in an
attempt to make additional room within the geometry of space-time for matter and
force.
One of the successful attempts providing a unification of gravity and electro-
magnetism was accomplished by Mikhail and Wanas [3]. The theory was formulated
in the context of AP-geometry. Unlike Riemannian geometry, which has only ten
degrees of freedom (in dimensional 4) just enough to describe gravity, AP-geometry
has sixteen degrees of freedom. These extra degrees of freedom make AP-geometry
∗arXiv number: 1407.0938 [gr-qc]
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a suitable mathematical framework for describing gravity and electromagnetism on
geometric basis. It should be noted that this approach may be thought of as another
alternative to the idea of increasing the dimension of the underlying manifold as in
the Kaluza-Klein theory.
In this paper we construct a set of field equations in the context of AP-geometry
under the additional assumption that the canonical (Weitzenbo¨ch) connection is semi-
symmetric. We refer to this space as SAP space. We will use the same Lagrangian
applied in the Generalized Field Theory (GFT) of Mikhail-Wanas. The reason for
this choice will be clarified later on. As expected, SAP-space, being subject to more
restrictions, reveals physical properties that do not necessarily hold in the general
context of AP-space. Moreover, many relations obtained acquire a much simpler
and tangible form than their counterparts in AP-geometry. In particular, our chosen
Lagrangian, which is similar in form to its counterpart in the GFT, acquires a much
simpler form. This, in turn, largely simplifies the calculations and gives rise to some
interesting and unexpected results.
The paper is organized as follws. Section 1 provides a brief account of the basic
concepts of AP-geometry. Section 2 gives a short survey on the notion of a semi-
symmetric connection. Section 3 gives a brief and concise outline of the GFT. In
section 4, variational principle is applied on our chosen Lagrangian, under the assump-
tion that the canonical connection is semi-symmetric, and physical consequences of
the obtained field equations are discussed. Section 5 deals with a comparative study
between AP-geometry and GFT field equations, on one side, and SAP-geometry and
our field equations, on the other side. The paper is ended with some comments and
concluding remarks (Secion 6).
1 Absolute Parallelism geometry
Absolute parallelism geometry has gained more attention in recent years in construct-
ing and applying modified gravity theories (such as TEGR, cf., [8]) and f(T )-theories
(cf., [6], [7], [9]).
In this section, we give a short survey of the absolute parallelism geometry or the
geometry of parallelizable manifolds. For more details, we refer, for example, to [12],
[18] and [19].
Definition 1.1. A parallelizable manifold is an n-dimensional smooth manifold M
which admits n independent vector fields
i
λ (i = 1, ..., n) defined globally on M .
This space is also known in the literature as Absolute Parallelism space (AP-
space) or teleparallel space. Let
i
λµ (µ = 1, 2, ..., n) be the coordinate components of
the i-th vector field
i
λ. The Einstein summation convention is applied to both Latin
(mesh) and Greek (world) indices, where all Latin indices are written beneath the
symbols. The covariant components
i
λµ of
i
λ are given by the relations
i
λµ
i
λν = δ
µ
ν ,
i
λµ
j
λµ = δij .
The canonical (or Weitzenbo¨ch) connection Γαµν is defined by
Γαµν :=
i
λα
i
λµ,ν , (1.1)
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where the comma here denotes partial differentiation with respect to the coordinate
function xν . As easily checked, we have
λµ|ν = 0, λ
µ
|ν = 0,
where the stroke “|” denotes covariant differentiation with respect to the canonical
connection Γαµν . The torsion tensor Λ
α
µν of Γ
α
µν is given as usual by
Λαµν := Γ
α
µν − Γ
α
νµ (1.2)
On the other hand, the curvature tensor Rαǫµν of the canonical connection Γ
α
µν van-
ishes identically. Hence, the AP-space is flat with respect to the canonical connection.
However, there are other three natural connections which are non-flat. Namely, the
dual connection Γ˜αµν := Γ
α
νµ, the symmetric connection Γ̂
α
µν :=
1
2
(Γαµν + Γ
α
νµ) = Γ
α
(µν)
and the Levi-Civita connection
◦
Γαµν :=
1
2
gαǫ(gǫν,µ + gǫµ,ν − gµν,ǫ) (1.3)
associated with the metric structure defined by
gµν :=
i
λµ
i
λν . (1.4)
The covariant derivatives with respect to the dual, symmetric and Levi-Civita con-
nection will be denoted by |˜, |̂, and ; respectively.
The contortion tensor is defined by anyone of the following equivalent formulae
γαµν :=
i
λα
i
λµ; ν , γ
α
µν = Γ
α
µν −
◦
Γαµν . (1.5)
Since
◦
Γαµν is symmetric, it follows that
Λαµν = γ
α
µν − γ
α
νµ.
Furthermore, the basic form Cµ is defined by
Cµ := Λ
α
µα = γ
α
µα. (1.6)
Table 1 summarizes the geometry of the AP-space [19].
Table 1: Geometry of the AP-space
Connection Coefficients
Covariant
Torsion Curvature Metricity
derivative
Canonical Γαµν | Λ
α
µν 0 metric
Dual Γ˜αµν
˜
| −Λ
α
µν R˜
α
µνσ non-metric
Symmetric Γ̂αµν
ˆ
| 0 R̂
α
µνσ non-metric
Levi-Civita
◦
Γαµν ; 0
◦
Rαµνσ metric
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Table 2 gives a list of the most important second rank tensor fields of AP-geometry
which play a key role in physical applications (cf. [3], [13], [14]). Moreover, most
second rank tensor fields which have physical significance in the AP-context can be
expressed in terms of these tensor fields. This table was first constructed by Mikhail
[2].
Table 2: Fundamental second rank tensor fields of the AP-space
Skew-Symmetric Symmetric
ξµν := γµν
α
|α
γµν := Cαγµν
α
ηµν := Cα Λ
α
µν φµν := Cα (γ
α
µν + γ
α
νµ)
χµν := Λ
α
µν|α ψµν := γ
α
µν|α + γ
α
νµ|α
ǫµν := Cµ|ν − Cν|µ θµν := Cµ|ν + Cν|µ
κµν := γ
σ
αµγ
α
νσ − γ
σ
µαγ
α
σν ̟µν := γ
σ
αµγ
α
νσ + γ
σ
µαγ
α
σν
σµν := γ
σ
αµγ
α
σν
ωµν := γ
σ
µαγ
α
νσ
αµν := CµCν
2 Semi-symmetric canonical connection
A linear connection on M is said to be semi-symmetric ([17], [19], [11]) if its torsion
tensor T αµν is written in the form T
α
µν = δ
α
µ ων − δ
α
ν ωµ, where ωγ are the components
of an arbitrary differential 1-form ω.
Let M be an AP-space with paralellization vector fields
i
λ and metric g defined
by (1.4). Hence, (M, g) can be considered as a Riemannian space. We assume
that the canonical connection Γαµν of the AP-space, given by (1.1), is semi-
symmetric. An AP-space whose canonical connection is semi-symmetric will be
referred to as an SAP-space.
From now on, we will be placed on an SAP-space (M,
i
λ). Hence, the torsion
tensor (1.2) is written in the form
Λαµν = δ
α
µ ων − δ
α
ν ωµ, (2.1)
where ωγ are the components of an arbitrary scalar form ω. Consequently, the basic
form (1.6) is given by
Cµ = (1− n)ωµ. (2.2)
Moreover, as the canonical connection is metric, it can be written in the form [17]
Γαµν =
◦
Γαµν + δ
α
µ ων − gµν ω
α, (2.3)
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where
◦
Γαµν is the Riemannian connection (1.3) and ω
α := gαβ ωβ. Consequently, the
contortion tensor (1.5) is given by
γαµν = δ
α
µ ων − gµν ω
α. (2.4)
As the curvature tensor of the canonical connection vanishes, using (2.3), the
Riemannian curvature tensor
◦
Rαµνσ of
◦
Γαµν is given by
◦
Rαµνσ = δ
α
µ(ων|σ − ωσ|ν) + (gµσ ω
α
|ν − gµν ω
α
|σ) + 2ω
α(gµσ ων − gµν ωσ).
Let
◦
Rµν :=
◦
Rαµνα be the Ricci tensor, then
◦
Rµν = ων|µ − gµν ω
σ
|σ + 2(ων ωµ − gµν ω
σ ωσ). (2.5)
Consequently, the scalar curvature
◦
R := gµν
◦
Rµν . is given by
◦
R = (1− n)(ωµ |µ + 2ω
µωµ). (2.6)
We have the following simple, interesting and unexpected result.
Theorem 2.1. The second order covariant tensor ων|µ is symmetric:
ωµ|ν = ων|µ. (2.7)
The proof follows directly from (2.5) and the fact that
◦
Rµν is symmetric.
Remark 2.2. In the context of AP-geometry, most of the geometric objects are
expressed in terms of the torsion tensor Λαµν . By assuming that the canonical connec-
tion is semi-symmetric, it is found that most of the geometric objects are expressed
in terms of the basic vector Cµ or the 1-form ωµ (via (2.2)).
3 Generalized Field Theory
The construction of a purely geometric theory unifying gravity and electromagnetism,
the Generalized Field Theory (GFT), was successfully established by Mikhail and
Wanas in 1977 [3]. The GFT is formulated in the context of AP-geometry. The
sixteen degrees of freedom of AP-geometry (in dimension four) make this geometry
suitable for describing the gravitational field, which needs ten degrees of freedom, in
addition to the electromagnetic field, which needs six degrees of freedom.
We give here a brief outline of the GFT. For more details, we refer to [3]. Begin-
ning with the Lagrangian density
L := det(λ) gµνLµν := det(λ) g
µν(ΛαǫµΛ
ǫ
αν − CµCν),
where Λαµν and Cµ are given by (1.2) and (1.6) and det(λ) denotes the determinant of
the matrix (
i
λα), Mikhail and Wanas, using a certain variational technique, obtained
the differential identity
Eµ
ν |˜µ
= 0.
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Considering this identity as representing a certain conservation law, the field
equations of the GFT are taken to be
Eµν : = gµνL− 2Lµν − 2(CµCν − Cν|µ) + 2gµν(C
ǫCǫ − C
ǫ
|ǫ)
− 2(CǫΛµǫν + g
ǫαΛµνα|ǫ) = 0.
(3.1)
The symmetric part of (3.1), can be written in the form
Rµν −
1
2
gµνR = Tµν , (3.2)
which may be considered as the Einstein field equations, where the energy-momentum
tensor Tµν is expressed in terms of the fundamental symmetric tensor fields of Table 2.
Moreover, according to (3.2), Tµν satisfies the conservation law
T µν ;µ = 0.
On the other hand, the skew-symmetric part of (3.1) can be written in the form
Fµν = Cµ,ν − Cν,µ (3.3)
where Fµν is expressed in terms of the fundamental skew-symmetric tensor fields of
Table 2. Fµν may be interpreted as the electromagnetic field expressed as the curl of
the basic form Cµ. In view of (3.3), Fµν satisfies the (generalized) second Maxwell’s
equation
Sµνσ{Fµν; σ} = Sµνσ{Fµν,σ} = 0.
It should be noted that, in general, the gravitational and electromagnetic fields are
not splitted completely unless we go to low-energy (week field) approximation.
To sum up, the field equations obtained are nonsymmetric. The symmetric part
of the field equations contains a second order tensor representing the material distri-
bution. This tensor is a pure geometric, not a phenomenological, object. The skew-
symmetric part of the field equations gives rise to a generalized form of Maxwell’s
equations in which the electromagnetic field is, again, purely geometric. The skew-
symmetric section of the theory is gauge invariant. The GFT coincides with both
Maxwell’s and Newton’s theories in the limits of weak static fields and slowly mov-
ing test particles [4]. In the GFT, the metric tensor field gµν plays the role of the
gravitational potential, while the basic form Cµ plays the role of the electromag-
netic potential. Finally, all physical objects involved are expressed in terms of the
fundamental tensor fields of the AP-space (Table 2).
4 Field equations and Physical consequences
We here construct field equations in the context of SAP-geometry. We take for
the field equations a Lagrangian similar in form to that used in GFT (Section 3).
This is done for at least three reasons. First, the form of the chosen Lagrangian is
relatively simple (depends on the vector fields λβ and their first derivatives λβ,γ which
are assumed to be independent). Secondly, such form of the Lagrangian has led to
powerful theoretical and experimental results in the context of AP-geometry (cf. [5],
6
[10], [13], [14]). Finally, in order to facilitate comparison between our theory and the
GFT.
Let M be an SAP-space with dimension n ≥ 31. As easily checked, using
(1.1), (1.2) and (2.1), the following relation holds
i
λα
(
i
λµ,ν −
i
λν,µ
)
= δαµ ων − δ
α
ν ωµ. (4.1)
Moreover, the curl of
i
λµ is thus given by
i
λµ,ν −
i
λν,µ =
i
λµ ων −
i
λν ωµ.
Now, we start with the following scalar Lagrangian. Let
H := det(λ)gµνHµν , (4.2)
where det(λ) denotes the determinant of the matrix (
i
λα) and
Hµν := Λ
α
ǫµ Λ
ǫ
αν − Cµ Cν
We assume that
i
λβ and
i
λβ,γ are independent. The Euler-Lagrange equations
corresponding to (4.2) are given by
δH
δ
i
λβ
:=
∂H
∂
i
λβ
−
∂
∂xγ
(
∂H
∂
i
λβ,γ
)
= 0. (4.3)
In view of (2.1) and (2.2), we have
H = (n− 1)(2− n) det(λ)ω2, (4.4)
where
ω2 = gµν ωµ ων = ω
ν ων.
It is clear from (4.4) that n = 1 or n = 2 give the trivial result that H vanishes
identically. It is for this reason that we take n ≥ 3.
Using (4.1), ωµ can be expressed explicitly in terms of the λ’s in the form
(1− n)ωµ =
i
λα
(
i
λµ,α −
i
λα,µ
)
. (4.5)
Relation (4.5) is interesting as it represents a strong link between the AP-structure
and our imposed condition. It should be noted that we have started with ω arbitrary
but the AP-context forced ω to be a function of the parallelization vector fields
i
λ.
We now evaluate the constituents of the Euler-Lagrange equations (4.3). To
accomplish this we need the following lemma.
Lemma 4.1. Let M be an SAP-space with dimension n ≥ 3. Then the following
identities hold:
1the reason for taking the dimension greater than two will be clarified later.
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(a)
∂ det(λ)
∂
i
λβ
=
i
λβ det(λ).
(b)
∂ det(λ)
∂
i
λβ,γ
= 0.
(c)
∂ det(λ)
∂ xγ
= det(λ)
k
λµ
k
λµ,γ.
(d)
∂ω2
∂
i
λβ
=
2
1− n
[
i
λβ ω2 + (n− 2)
i
λα ωα ω
β
]
.
(e)
∂ω2
∂
i
λβ,γ
=
2
(1− n)
[
i
λγ ωβ − ωγ
i
λβ
]
.
Using (4.4) and Lemma 4.1, we get:
Lemma 4.2. Let M be an SAP-space with dimension n ≥ 3. Then the following
identities hold:
(a)
∂H
∂
i
λβ
= (n− 2) det(λ)
[
2(n− 2)
i
λα ωα ω
β − (n− 3)
i
λβ ω2
]
.
(b)
∂H
∂
i
λβ,γ
= 2(n− 2) det(λ)
[
i
λγ ωβ − ωγ
i
λβ
]
.
(c)
∂
∂xγ
( ∂H
∂
i
λβ,γ
)
= 2 (n− 2) det(λ)
[
k
λµ
k
λµ,γ (
i
λγ ωβ −
i
λβ ωγ) +
i
λγ,γ ω
β +
i
λγ ωβ,γ
−
i
λβ,γ ω
γ −
i
λβ ωγ,γ
]
.
Now, let us define the geometric object
Eβσ :=
1
det(λ)
(
δH
δ
i
λβ
)
i
λσ. (4.6)
Substituting the formulae of Lemma 4.2 into (4.6), using the definition (4.3) of
δH
δ
i
λβ
,
we get
Eβσ = (n− 2)
[
(n+ 3) δβσ ω
2 + 2 δβσ ω
γ
|γ − 2ω
β
|σ
]
.
The tensor character of Eβσ is clear. Lowering the index β of E
β
σ , we obtain the field
equations Eµν = 0, where
Eµν = (n− 2)
[
(n+ 3) gµν ω
2 + 2 gµν ω
γ
|γ − 2ωµ|ν
]
. (4.7)
By theorem 2.1, ωµ|ν = ων|µ, Eµν is symmetric.
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Clearly, by (2.5) and (2.6), the Einstein tensor Gµν :=
◦
Rµν −
1
2
gµν
◦
R can be
expressed in terms of ωµ in the form
Gµν = ων|µ +
n− 3
2
gµν ω
γ
|γ + (n− 3) gµν ω
2 + 2ωµ ων . (4.8)
Taking (4.8) into account, (4.7) takes the form
1
n− 2
Eµν = Gµν − 2ων ωµ + 6 gµν ω
2 − 3ωµ|ν −
n− 7
2
gµν ω
γ
|γ. (4.9)
In view of (4.9), the field equations Eµν = 0 give rise to
◦
Rµν −
1
2
gµν
◦
R = 2ων ωµ − 6 gµν ω
2 + 3ωµ|ν +
n− 7
2
gµν ω
γ
|γ. (4.10)
If we set
Tµν := 2ων ωµ − 6 gµν ω
2 + 3ωµ|ν +
n− 7
2
gµν ω
γ
|γ, (4.11)
then, (4.10) takes the form
◦
Rµν −
1
2
gµν
◦
R = Tµν . (4.12)
By taking into account the divergence of (4.12), one can see, from the second Bianchi
identity, that Tµν satisfy the equations
T µν ;µ = 0. (4.13)
Hence, Tµν can be interpreted as the energy-momentum tensor and (4.13) represents
a conservation law. Unlike, the Einstein’s field equations, the energy-momentum
tensor defined by (4.11) is purely geometric (Equations (4.8) and (4.11) show that
both Einstein tensor Gµν and the energy-momentum tensor Tµν are expressed solely in
terms of the geometric objects gµν and ωµ). Furthermore, the gravitational potential
can be attributed to the metric tensor gµν .
The electromagnetic field strength is given by
Fµν = Cµ,ν − Cν,µ,
where Cµ is the electromagnetic potential. In view of (2.1), (2.2) and (2.7), we obtain
Fµν ≡ 0.
This automatically implies that the electromagnetic field, which is represented in
GFT by the skew symmetric part of the field equations Eµν = 0, vanish identically.
Remark 4.3. It is well known that if a linear connection (with covariant derivative ||)
is symmetric, then Aµ||ν − Aν||µ = Aµ,ν − Aν,µ. It is interesting that such a relation
holds here (Cµ|ν − Cν|µ = Cµ,ν − Cν,µ) though the canonical connection Γ
α
µν is non-
symmetric. This is due to the semi-symmetry condition.
We will refer to our theory, studying the GFT-Lagrangian in the SAP-context,
as Special Generalized Field Theory (SGFT).
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5 A comparative study
The fundamental second order tensors listed in Table 2 are necessary for physical
applications. They can be used to determine what type of physical phenomena the
geometry can describe (cf., for example, [4]).
In our SGFT all fundamental skew-symmetric tensors vanish, namely, ξµν , γµν ,
ηµν , χµν , ǫµν and κµν . For example, we have just shown that ǫµν := Cµ|ν−Cν|µ vanish.
Also, ηµν := Cα Λ
α
µν = (1 − n)ωα (δ
α
µ ων − δ
α
ν ωµ) = (1 − n)(ωµ ων − ωνωµ) = 0, and
similarly for the other tensors.
The vanishing of the fundamental skew symmetric tensors makes us sure that
the resulting field equations of the SGFT, even before starting calculations, describe
gravity only.
Table 3 compares between the fundamental symmetric tensors in AP-geometry
and SAP-geometry. These tensors take a much simpler form thanks to (2.2) and
(2.4).
Table 3: Fundamental symmetric second order tensors
AP-geometry SAP-geometry
σµν = γ
α
σµ γ
σ
αν σµν = (n− 1)ωµ ων
ωµν = γ
α
µσ γ
σ
να ωµν = 2(ωµ ων − gµν ω
2)
αµν = CµCν αµν = (n− 1) σµν
θµν = Cµ|ν + Cν|µ θµν = 2 (n− 1)ωµ|ν
ψµν = γ
α
µν|α + γ
α
νµ|α ψµν = 2 (ωµ|ν − 2 gµν ω
α
|α)
φµν = Cα (γ
α
µν + γ
α
νµ) φµν = (n− 1)ωµν
̟µν = γ
α
µσ γ
σ
αν + γ
α
νσ γ
σ
αµ ̟µν = ωµν
Using the above table, we can write (4.11) in terms of the fundamental symmetric
second order tensors as follows:
Tµν = 3ωµν −
n− 7
8
ψµν −
4
n− 1
σµν +
n+ 5
8(n− 1)
θµν . (5.1)
Moreover, the cosmological function defined by
Λ :=
1
2
(σ − ω),
where σ := gµν σµν and ω := g
µν ωµν , has the form
Λ =
3
2
(n− 1)ω2.
It should be noted that our energy-momentum tensor Tµν and cosmological function
Λ take a mush simpler form compared with those of the GFT. Moreover, the last
equation implies that Λ does not vanish.
Table 4 summarizes the most important results obtained so far.
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Table 4: Comparison between SAP-geometry and AP-geometry
AP-geometry SAP-geometry
The most important tensor is Λαµν The most important tensor is Cµ
Cµ = 0 6=⇒ Λ
α
µν = 0 Cµ = 0 =⇒ Λ
α
µν = 0
Cǫ Λ
ǫ
µν 6= 0 Cǫ Λ
ǫ
µν = 0
Cµ|ν − Cν|µ = Cµ,ν − Cν,µ + Cǫ Λ
ǫ
µν Cµ|ν − Cν|µ = Cµ,ν − Cν,µ = 0
For α 6= µ and α 6= ν simultaneously, For all α 6= µ and α 6= ν simultaneously,
Λαµν 6= 0 in general Λ
α
µν = 0
Fundamental skew-symmetric tensors Fundamental skew-symmetric tensors
do not vanish vanish
Eµν = 0 describe Eµν = 0 describe
gravity and electromagnetism gravity only
We end this section with Table 5 presenting a comparison between GR, GFT and
SGFT.
Table 5: Comparison between GR, GFT and SGFT
Field Field No. of Field Differential
Theory Variables Field Equations Identities
Variables
GR gµν 10 G
µ
ν = 0 G
µ
;µ = 0
GFT
i
λµ 16 Eµ ν = 0 E
µ
ν |˜µ
= 0
SGFT
i
λµ 16 Eµ ν = 0 T
µν
;µ = 0
6 Concluding remarks
• In this work, we consider an AP-space in which the canonical connection is
semi-symmetric. The field equations are constructed by applying a variational
technique to a suitable Lagrangian defined in terms of the torsion and the basic
form of the space.
• In view of (4.4), the explicit dependence of the scalar Lagrangian on n trivializes
the cases n = 1 and n = 2. Consequently, we consider only the values of n ≥ 3.
It should be noted that the values n = 1 and n = 2 are not forbidden, but
are excluded on the ground that they imply the vanishing of H . Accordingly,
without loss of generality, we may (and do) assume that n ≥ 3.
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• Equation (4.5) tells us that the 1-form ωµ can be expressed in terms of the
vector fields forming the parallelization. This provides a strong link between
the semi-symmetry condition and the AP-structure.
• The vanishing of the basic form is equivalent to the vanishing of the torsion
tensor, that is,
Cµ = 0⇐⇒ Λ
α
µν = 0.
The implication Λαµν = 0 =⇒ Cµ = 0 holds trivially. The reverse implication
follows directly from the fact that Cµ = (1 − n)ωµ and Λ
α
µν = δ
α
µ ων − δ
α
ν ωµ.
This implication is not true in the general case of an AP-structure.
• Unlike AP-geometry, in which most of the geometric objects are expressed in
terms of the torsion tenser, in the SAP-context, the basic form plays the role of
the torsion tensor: most of the geometric objects can be expressed in terms of
the basic form. This is one of the reasons that geometric objects and geometric
relations in the SAP-context acquire a simpler form than their counterparts in
the AP-context. This fact is due to the simplicity of the basic form (contracted
torsion) compared with the torsion tensor.
• Table 4 is quite revealing and sheds light upon various properties that differen-
tiate between SAP-geometry and AP-geometry. It shows that some geometric
objects, unlike their counterparts in AP-geometry, vanish identically. In partic-
ular, the fundamental skew symmetric tensers, some torsion components and,
last but not least, the contraction of the basic form with the torsion tenser.
Moreover, it gives an inverse implication that is not true in general.
• A crucial difference between our field equations and those of the GFT is that the
Lagrangian in the GFT depends implicitly on the dimension n of the underlying
manifold (being defined in terms of the n vector fields forming the paralleliza-
tion), whereas its counterpart in our field equations depends explicitly on n.
• Under the additional condition that the canonical connection is semi-symmetric,
our chosen Lagrangian acquires a much simpler form compared to Mikhail-
Wanas Lagrangian of the GFT. Moreover, this assumption gives rise to the
interesting property that the field equations describing the electromagnetism
disappear. This is because, as stated above, all fundamental skew-symmetric
tensors vanish, a property which obviously does not hold in the AP-context.
• Though the field equations under the semi-symmetry condition describe only
gravity, it has a big advantage compared to Einstein’s field equations. Unlike
the classical general theory of relativity, the energy-momentum tensor (4.11) (or
(5.1)) has a geometric origin. All geometric entities in our field equations are
expressed in terms of both the metric gµν and 1-form ωµ. The field equations
obtained may be used in physical applications related to inflation and the status
of early universe.
• One of the possible reasons why our field equations describe only gravity is
that our imposed condition of semi-symmetry seems to be too strong, hence
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too restrictive. We conjecture that, by relaxing the semi-symmetry condition,
namely, replacing
Λαµν = δ
α
µ ων − δ
α
ν ωµ
by
Λαµν = L
α
µ ων − L
α
ν ωµ,
where Lαµ is an arbitrary tensor field of type (1, 1), the field equations describing
electromagnetism will not disappear. This point may be the subject of future
research.
• This work can be continued and extended. The equations of motion in the
context of SAP-geometry can be studied. The field equations and the equa-
tions of motion under the assumption that the canonical connection is semi-
symmetric can be studied in the more general context of GAP-geometry [15],
EAP-geometry ([20], [16]) or FP-geometry [21].
• Finally, in view of Theorem 1 of Yano [17], the following result follows [19]. If
(M,
i
λ) is an SAP-space, then the associated Riemannian metric gµν =
i
λµ
i
λν is
conformally flat. Some physical consequences may arise from such result. This
needs more investigation.
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